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In the present paper, the influence of thermal radiation on the classical Jeffery–Hamel
flow due to a point source or sink in convergent/divergent channels is investigated for the
case where the stationary channel walls are permitted to stretch or shrink. Similarity
transformations are used to convert the nonlinear boundary layer equations for mo-
mentum and thermal energy are reduced to a system of nonlinear ordinary differential
equations containing the Prandtl number, angle of convergent/divergent, thermal radia-
tion and Reynolds number with appropriate boundary conditions. These equations are
solved analytically by applying integral methods (Collocation method and Least-Square
method). Results show that the heat features are considerably altered by the application of
the thermal radiation of the walls. The effects of various physical parameters on the di-
mensionless velocity and temperature profiles are presented graphically. In addition,
numerical results for the local skin friction coefficient and the heat transfer rate are dis-
cussed. It is found that the temperature profiles increase with an increase in the thermal
radiation parameter.
& 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The problem of flow and heat transfer between converging/diverging channels has received considerable attention in
recent years because it is an important type of flow occurring in many engineering disciplines. The two dimensional flow of
a viscous, incompressible fluid between converging/diverging channels separated by a prescribed angle and driven by a line-
source or sink at the apex is known as the traditional Jeffery–Hamel flow after pioneering research by Jeffery [1] and Hamel
[2]. It has important applications, particularly in fluid mechanics, chemical and aerospace engineering. A few precise
applications are chemical vapor deposition reactors [3], high-current arc in plasma generators [4], expanding or contracting
regions in industrial machines [5], gas compressors [6] and pipe sections [7]. Since Jeffery–Hamel flow constitutes one of
rare exact solutions to the Navier Stokes equations, it has been much attracted by the researchers in the literature speci-
fically for validating different numerical approaches. The purpose of the present paper is to investigate the influence of the
thermal radiation on classical Jeffery–Hamel flow problem in the cases, where the convergent/divergent channels are
subjected to stretching or shrinking, which might have important implications in aerospace science and industry.
Over the past 50 years, a significant body of work has been done on traditional Jeffery–Hamel flow [8]. The solution waser Ltd. This is an open access article under the CC BY-NC-ND license
.
zegar Gerdroodbary).
Nomenclature
Cp specific heat (J kg1 K1)
C stretching/shrinking parameter
Cf coefficient of skin-friction
Ec Eckert number
f function of h
F dimensionless radial velocity
g function of r
K* mean absorption coefficient
Nu Nusselt number
Nr Radiation coefficient
P Pressure (Pa)
Pr Prandtl number
Re Reynolds number
q heat flux (W m2)
r radial direction in cylindrical polar
coordinates
s stretching/shrinking rate (m2 s1)
T temperature (K)
Tw surface temperature of channels (K)
T∞ free stream temperature
uc rate of movement in the radial direction
(m2 s1)
uw wall velocity component in the radial direc-
tion (m s1)
u velocity component in the radial direction
(m s1)
Greek symbols
α elevation angle of convergent/divergent
channels
β a constant
η a scaled coordinate
θ azimuthal direction in cylindrical polar
coordinates
Θ scaled temperature
κ thermal conductivity (Wm1 K1)
λ a constant
μ viscosity (Pa s)
ν kinematic viscosity (m2 s1)
ρ density (kg m3)
wτ shear stress on the wall
σ* Stephan–Boltzman
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Hamel flow were found by Millsaps and Pohlhausen [9] and Riley [10]. Fraenkel showed the existence of multiple solutions
in general asymmetric case [11]. Terrill [12] investigated slow laminar flow in a converging or diverging channel with
suction at one wall and blowing at the other wall. The textbook by Schlichting [13] also discussed the problem to some
extent. Steady two dimensional incompressible laminar visco-elastic flows in a converging or diverging channel with
suction and injection was studied by Roy and Nayak [14]. Three dimensional extensions to Jeffery–Hamel flow were thor-
oughly discussed and implemented in [15]. Experiments were also performed to understand the physical mechanisms
behind the Jeffery–Hamel flow and its hydrodynamic stability features, see for instance Malvandi et al. [16]. Magnetohy-
drodynamic effects of Jeffery–Hamel flow were recently explored by Hatami et al. [17,18].
In the present work, we have studied the mathematical model of classical Jeffery–Hamel flow problem over a con-
vergent/divergent channel. The mathematical model is prepared in the presence of thermal radiation. Similarity variables
are employed to convert the nonlinear partial differential equations into ordinary differential equations. Integral methods
(Collocation and Least-square Method) [19–25] is adopted to obtain the solution expressions of velocity and temperature.
Comparative analysis of obtaining solutions is made to evaluate the precision of the methods. Graphs of temperature and
flow are presented and analyzed for various embedded parameters. It is pertinent to mention that Integral method has great
freedom to choose the auxiliary polynomial operators like other methods. For example, Turkyilmazoglu [26–27] in-
vestigated the classical Jeffery–Hamel without thermal radiation by employing Runge–Kutta fourth order numerical scheme.
Analytical investigation of MHD Jeffrey–Hamel flow with nanoparticles via the Adomian decomposition method is discussed
by various researchers [28-33]. Sheikholeslami and Ganji [34] utilized the homotopy perturbation method to investigate the
heat transfer in Cu–water nanofluid. In another study, Sheikholeslami and Ganji [35] used homotopy asymptotic method to
explore the properties of Magnetohydrodynamic viscous fluid flow in a channel with nanoparticles.2. Problem definition
A class of exact solutions of the Navier–Stokes equations is due to the classical Jeffery–Hamel flow problem [13]. This
flow is constructed in such a manner as the family of straight lines passing through a point in a plane constitutes the
streamlines of the flow. Hence, velocity differs from line to line so that it is a function of the polar angle θ. The rays along
which the velocity identically vanishes can be regarded as the solid walls of a convergent or a divergent channel. Thus, the
continuity equation can be satisfied with the assumption that the velocity along every ray is inversely proportional to the
distance r from the origin.
In addition, in the present case we consider the flow from a source/sink at the intersection between two stretchable or
shrinkable walls coinciding at an angle 2α as sketched in Fig. 1. The walls are supposed to radially stretch or shrink in
accordance with
Fig. 1. Schematic representation of the configuration of the flow and geometrical coordinates for a stretching/divergent channel.
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where P is the fluid pressure, T is the fluid temperature, ρ is the fluid density, v is the coefficient of kinematic viscosity, q
is the heat flux and Cp is the specific heat at constant pressure. The heat flux term contains two specific terms (conduction
and radiation) as follow:
q q q 6rad. con.= + ( )
By using Rosseland approximation [36] for radiation, the radiative heat flux qrad is given by
q
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where σ* and K* are respectively the Stephan–Boltzmann constant and the mean absorption coefficient. We assume that
the temperature differences within the flow are such that the term T4 may be expressed as a linear function of temperature.
This is accomplished by expanding T4 in a Taylor series about a free stream temperature T∞ as follows:
T T T T T T T4T 6 84 4 3 2
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Neglecting higher-order terms [36] in the above Eq. (8) beyond the first degree in T T( )− ∞ , we get
T T T T4 3 94 3 4≅ − ( )∞ ∞
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with uc being the centerline rate of movement and Tw is the constant wall temperature. We should remark that in general
conditions where asymmetry is also allowed, infinitely many solutions exist [11, 37–44]. To keep the symmetry with regard
to the centerline, we visit the same stretching/shrinking rates on both walls.
The continuity equation clearly implies that the shape of radial velocity is
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In which f θ( ) is to be determined. Likewise, the azimuthal momentum equation is integrated once to obtain the
stretching pressure
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Substituting these into the governing equations and eliminating the pressure term yields the nonlinear third order
ordinary differential equation for the flow from the radial momentum equation
F Re F F F2 4 0 162α α‴ + ′ + ′ = ( )
and second order differential equation for the heat
Nr Nr PrF
PrEc
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With following the boundary conditions
F F F0 1, 0 0, 1 C, 0 0, 1 1 18( ) = ‵( ) = ( ) = Θ‵( ) = Θ( ) = ( )
where C s
uc
= is the stretching C 0> or shrinking C 0< parameter, Re u
v
c= α is the Reynolds number, Pr u cc pρ κ= is the Prandtl
number and Ec u
c T
c2
p w
= α is the Eckert number.
It is noted that setting C to zero at this stage leads to a stationary wall condition for the traditional Jeffery–Hamel flow.
The elliptic function solutions as given in the literature may be fulfilled here for nonzero C, but, it is thought that this is not
very convenient.
Expression of skin friction coefficient cf based on the wall shear stress w r
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3. Solution approach
3.1. Collocation method (CM)
For conception of the main idea of this method, suppose a differential operator D is acted on a function u to produce a
function p [22]:
u x p xD 21( ( )) = ( ) ( )
Fig. 2. Effects of stretching (þC) and shrinking (C) of the (a) divergent ( 5α = + ) and (b) convergent ( 5α = − ) channel on the velocity profile F at specific
values Re¼ 50, Nr¼0.1 .
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independent set. That is,
u cu
22i
n
1
i i∑~ φ≅ = ( )=
Now, when substituted into the differential operator, D, the result of the operations is not p(x). Hence an error or residual
will exist:
Fig. 3. Effects of stretching (þC) and shrinking (C) of the convergent channel on the temperature profile Θ at specific values Re¼50, Nr¼0.1 and (a)
5α = + and (b) 5α = − .
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The notion in the Collocation is to force the residual to zero in some average sense over the domain. That is [21],
R x W x x i nd 0 0, 1, 2, , 24i∫ ( ) ( ) = = … ( )
where the number of weight functionsW xi ( ) is exactly equal to the number of unknown constants ci in u~. The result is a set
of n algebraic equations for the unknown constants ci. For Collocation Method, the weighting functions are taken from the
family of Dirac δ functions in the domain. That isW x x xi iδ( ) = ( − ). The Dirac δ function has the property of [20–22]
Fig. 4. Effects of stretching (þC) and shrinking (C) of the convergent channel with/without thermal radiation on the heat flux Θ at specific values Re¼50.
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and residual function in Eq. (23) must be forced to be zero at a specific point.
3.2. Least Square Method (LSM)
This method introduces another correlation for residual of an arbitrary linear combination of basic functions (Eq. (22)) as
a solution of Eq. (23). In this method, the coefficients ci are determined from the requirement that the integral of the square
of the residual R(ci, x) given by Eq. (23) is minimized over the interval 0oxo1. Using a traditional approach to the
minimization of a function, we set
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Then, the coefficients of the arbitrary function (Eq. (22)) are defined by solving Eq. (26).4. Results and discussion
The effects of various parameters (stretching/shrinking, thermal radiation and Reynolds number) on convergent/di-
vergent channels through the factor C are searched in this section on the considered flow model in order to have an insight
into the flow and heat transfer characteristics. For clarity purposes, we take Pr¼1 and Ec¼0, and generate accordingly
Figs. 2–6 and Tables 1–5.
The results of the present investigation for skin friction coefficient (F 1‵( )) and Nusselt number ( 1Θ′( )) without thermal
radiation (Nr¼0) are compared with numeric results of Turkyilmazoglu [27] (Tables 1–4). The comparison shows good
agreement of Collocation Method (CM) and Least Square Method (LSM) with numeric results. In addition, the Collocation
Method (CM) performs more precise than Least Square method (LSM) in high stretching/shrinking channel. The presented
results by CM and LSM show some difference from the numerical values. Since these methods are highly related on the
position of the extra boundary conditions, the difference on the results seems logical. In fact, the position of these points
should be close to the position where the main term (temperature) has a great gradient. Moreover, the order of the initial
solution greatly influences on the precision of the results. Thus, the results of these two methods (CM and LSM) are differing
from the numerical values.
The overall structure of velocity and temperature profile of flow without the thermal radiation for the nonstretching case
is discussed by Schlichting [13]. Since the flow structure is not affected by the thermal radiation, the velocity profile does not
change. Fig. 2 compares the velocity profile of the flow for stretching/shrinking of convergent/divergent channel. At a fixed
a, for example 5α = − , in a convergent channel the velocity distribution for sufficiently high Reynolds number remains
nearly constant over a large portion and decreases steeply to zero near the walls, exhibiting a clear boundary layer character.
Fig. 5. Effects of stretching (þC) and shrinking (C) of the convergent channel on the temperature profile Θ at specific values Re¼50, 5α = + and
(a) Nr¼0.5 and (b) Nr¼1.
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get higher, back flow regions are observed near the walls signaling the start of separation. As stretching is increased, more
fluid particles move closer to the wall. As physically expected, when C¼1 the channel moves at the same speed with the
fluid so, a rigid-body motion borne out exhibited in the figure. After C¼1, the entire fluid moves faster than the centerline
velocity uc. This means that in practical situations particles will intensify near the wall, for example, in polymer science, the
polymers will concentrate near the convergent channels, rather than near the centerline in the classical nonstretched rigid
walls.
The comparison of the Collocation and Least Square method in velocity profile exhibits significant difference, particularly
in high stretching/shrinking channel (Fig. 2). The gradient of velocity profile in Collocation Method (CM) is milder than Least
Square method (LSM) which shows a high steep in the middle of the range. Also, Fig. 3 compares the influence of
the stretching/shrinking on the temperature profile with fixed Reynolds number (Re 50= ) and thermal radiation factor
Fig. 6. Effects of varying thermal radiation (Nr) on temperature distribution (a) C¼þ2 (b) C¼0 and (c) C¼2.
Table 1
Effects of stretching and shrinking of the convergent channel for 5α = + and Re¼50 on the skin friction coefficient F 1‵( ).
C¼2 C¼1 C¼0 C¼þ1 C¼þ2
Collocation Method 6.734 3.522 1.122 0 1.084
Least Square
Method
6.952 3.673 1.243 0.82 5.23
Numeric Method
[27]
6.874 3.508 1.109 0 1.081
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Table 2
Effects of stretching and shrinking of the convergent channel for 5α = − and Re¼50 on the skin friction coefficient F 1‵( ).
C¼2 C¼1 C¼0 C¼þ1 C¼þ2
Collocation Method 4.912 4.68 2.851 0 3.598
Least Square Method 3.129 3.566 2.611 0 3.896
Numeric Method
[26]
5.131 4.652 2.834 0 3.669
Table 3
Effects of stretching and shrinking of the convergent channel for 5α = + and Re¼50 on the heat transfer rate 1−Θ ( )′ .
C¼2 C¼1 C¼0 C¼þ1 C¼þ2
Collocation Method 0.0304 0.0357 0.0397 0.0461 0.0549
Least Square Method 0.0287 0.0344 0.0398 0.0484 0.0741
Numeric Method [26] 0.0302 0.0347 0.0399 0.0464 0.0557
Table 4
Effects of stretching and shrinking of the convergent channel for 5α = − and Re¼50 on the heat transfer rate 1−Θ ( )′ .
C¼2 C¼1 C¼0 C¼þ1 C¼þ2
Collocation Method 0.0306 0.0369 0.0419 0.0461 0.0497
Least Square Method 0.0289 0.0361 0.0418 0.0461 0.0502
Numeric Method [26] 0.0315 0.0373 0.0421 0.0464 0.0502
Table 5
Effects of thermal radiation on stretching and shrinking of the convergent channel for 5α = + and Re¼50 on the heat transfer rate 1−Θ ( )′ .
C¼2 C¼0 C¼þ2
Nr¼0 CM 0.0304 0.0397 0.0549
LSM 0.0287 0.0398 0.0741
Nr¼0.5 CM 0.4030 0.4102 0.4220
LSM 0.4014 0.4101 0.4379
Nr¼1 CM 0.6279 0.6338 0.6435
LSM 0.6261 0.6333 0.6567
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Fig. 4 compares the effect of thermal radiation on heat transfer (Θ′). It is clear that the heat flux intensively increases by the
presence of the thermal radiation. The results shows that the influence of thermal radiation for Nr¼0.1 is more than 4 times. Thus,
the radiation greatly affects on the heat transfer of the channel flow.
The influence of stretching of the convergent channel on the temperature field is depicted in Fig. 5 on various thermal radiation
factors (Nr¼0.5, 1). It is clear that due to high shearing an overheating process occurs leading to growth of thermal layer and to an
enhancing heat transfer rate. On the other hand, shrinking cools down the system by reducing the thickness of thermal layer and
thus the rate of heat transfer is reverted as presented in Tables 3–5.
Since the thermal radiation as a main goal of present study plays a significant role on the temperature profile, Fig. 6 demon-
strates the influence of the different thermal radiation factor (Nr¼0, 0.5, 1) on temperature profile. As it is shown in the figure, we
have the same scenario as above; an increase in the stretching causes more heat and an increase in the shrinking causes less heat to
be produced. The results give us insight, where the cooling is desired, wall shrinking is favorable. Table 5 shows the value of 1−Θ ( )′
which represents the heat flux of the wall. The results exhibit a high growth of heat flux of the wall by increasing the thermal factor
(Nr). Furthermore, the present of the thermal radiation in shrinking channel let to a noticeable increment of the 1−Θ ( )′ which
shows high heat flux rate.
We finally investigate the influences of varying angles in Fig. 7(a–b). Overall, similar trends of F andΘ to those displayed in Figs. 2–
5 are seen. The result shows that the thermal boundary layer thickness is extensively enhanced as the magnitude of angle increases.5. Conclusion
The purpose of this study was to investigate the effect of thermal radiation on convergent/divergent channels. The
Fig. 7. Effects of angle of the channel on the temperature profile Θ in stretching (þC) and shrinking (C) at specific values Re¼100, Nr¼1 and (a)
5, 10α = + + and (b) 5, 10α = − − (CM).
M. Barzegar Gerdroodbary et al. / Case Studies in Thermal Engineering 6 (2015) 28–3938specific goals included determination of various influences of the thermal radiation on the thermal profile under different
conditions and investigation of each of these configurations under a specified set of flow conditions, and quantifying any
relationships between these temperature aspects and the different configurations. Further to this, identification of the
different flow conditions (e.g. Reynolds Number) was done. The results presented in the investigation have allowed a deeper
understanding of the effects of thermal radiation in the context of convergent/divergent channels.
The results were analyzed from a number of aspects. Foremost, a validation of the flow and temperature with two
methods (CM and LSM) with reference numeric results was performed in order to assess the ability of the methods to
accurately reproduce the flows and temperature profile in convergent/divergent channels. Furthermore, the various thermal
effects of thermal radiation are extensively discussed.
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